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1 Introduction
An active research area that generates a wide interest in many scientific disciplines,
such as economics and statistics, is currently represented by the measurement and
assessment of income and other transferable attribute distributions. In such a con-
text, as a measure of income inequality (as well as inequality of taxes, wealth, and
other economic attributes), the Gini coefficient is the most popular. In the literature,
the Gini coefficient application is always narrowed to distributions with non-negative
values. Nevertheless, the non-negativeness condition of the attribute yields relevant
restrictions in all analysis of the actual situation of inequality arising among individ-
uals. This is because, nowadays, several events may involve the presence of negative
attributes for an income unit (e.g., [26]). In fact, as we remark, there are many ways in
which a negative income can arise. For instance, in real surveys, we can observe neg-
ative income values when assessing financial assets. Other important factors affecting
the non-negativeness of income values are that the business of a self-employed indi-
vidual might incur a loss or that an individual might provide a transfer exceeding his
own total income. Negative values may appear even for tax systems, as in the case of
negative taxes, caused, for example, by children’s allowances. The main difficulties
associated with negative values involve the violation of the normalisation principle.
The inclusion of negative values may lead to a standard Gini coefficient with an up-
per bound greater than one, as deeply discussed by [6], [7] and further mentioned
in a footnote by [18]. In applied research, presented in literature, the most common
approach is based on removing units having negative values from the dataset, trust-
ing that this exclusion will have no substantial impact on the analysis of the attribute
(e.g., [29]). Nevertheless, as stated by [28], such a procedure may involve the loss
of relevant information in the study of inequality, especially in reference to certain
periods and certain groups. In our opinion, the deletion of negative values mainly
increases the risk of obtaining biased results in all the analyses focusing on a single
income source. Indeed, in many cases, the single income source can play a relevant
role in the interpretation of the global economic welfare framework, above all for a
period marked by an international economic crisis characterised by a variety of losses
that in turn result in the presence of negative attributes. We remark that, if even one
source presents a relevant number of units with negative values, these units must be
eliminated not only in the distribution with negative values but also in all the distri-
butions at stake in the decomposition, including the distribution of overall income,
for the decomposition to be verified. An additional convention adopted in the current
research practice is to convert the negative values into zeros (e.g. [13], [4], [5], [16]).
It is quite clear that this solution is preferable to the former only when that the neg-
ative values are sufficiently small in absolute terms, compared to the positive ones;
otherwise, the risk of bias still remains. For the reasons cited above and with the aim
of providing a more exhaustive picture of the economic welfare framework, the clas-
sical Gini coefficient, as well as the other standard Gini-based inequality measures,
must be adjusted to overcome the normalisation principle violation in the presence of
negative income values. To pursue this aim, [6], subsequently improved by [7], sug-
gest that the normalisation factor should add the part of the concentration area lying
below the x-axis. In terms of absolute differences, the average, in the denominator,
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should include the part of the absolute average differences involving all the negative
terms and the smallest positive terms, which are enough, when summed, to compen-
sate for the whole negative amount. The zero terms, if present, are considered within
this group. In a recent work by [24], a new definition of the “polarised” scenario was
introduced, with the purpose of formalising a Gini coefficient suitable to the case
of negative attributes1. Because of the great interest in literature about the study of
the role of a single income source in determining the different inequality scenarios
(e.g., [3]), in this paper, the normalisation approach suggested by [24] is further ex-
tended to make it suitable to both the other Gini-based inequality measures (i.e., the
concentration and re-ranking coefficients) and the decomposition of the Gini coeffi-
cient by income sources and area components. To shed light on the usefulness of the
proposed extensions, an empirical analysis is provided by referring to the Household
Income and Wealth survey of the Bank of Italy (2012) and considering the decompo-
sition of household overall income into financial capital gains, on one side, and the
remaining sources, considered all together, on the other side. The Gini-based indices
obtained through the new normalisation approach are compared with those based on
the traditional normalisation of the Gini, concentration, and re-ranking coefficients,
after the units with negative values have been removed. The income source’s effect on
inequality within and between the three main Italian geographical areas (North Italy,
Central Italy, South Italy and islands) is assessed, also including Italy as a whole. Fi-
nally, to yield inferential conclusions about the impact both on the decomposition of
inequality and on each considered component caused by the elimination of units with
negative values, a simulation study based on bootstrap techniques was carried out to
test the significance of differences between the two different approaches. Since not
only the whole country’s data but also the relations across units within and between
the three main Italian macro-areas were taken into account, the bootstrap tests were
performed on a range of quite various scenarios. The paper is structured as follows.
Section 2 includes an overview of the Gini coefficient adjusted for the negative values.
In addition, the extension of the concentration coefficient as well as of the re-ranking
coefficient and the decomposition approach of income, by sources and area compo-
nents, to the case of negative values is proposed. Section 3 focuses on the empirical
application of both the new Gini-based inequality coefficients and decomposition ap-
proach to data from the 2012 Survey of Household Income and Wealth (SHIW) of
the Bank of Italy ( [2]), providing a discussion of both the obtained descriptive and
inferential results. Section 4 concludes.
2 An extension of the inequality methodology to a negative income scenario
The focus of this section is twofold. On one hand, an overview of the existing Gini-
based inequality indices is given jointly to the description of the traditional decom-
position approach of income by sources and by area components. On the other hand,
1 Negative values may also arise when dealing with non-monetary attributes. For this reason, the nor-
malisation introduced in [24] is relevant to both methodologists interested in index construction and ap-
plied researchers interested in using derived measures. An example of its usefulness in real-life datasets
can be found in a recent contribution of [19], where the normalisation is applied to negative demographic
and territorial attributes.
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the extension of this methodology is considered with the aim of highlighting our pro-
posal when dealing with the presence of negative values. Subsection 2.1 addresses
the illustration of the Gini coefficient computation extended both to weighted in-
comes and negative values; subsection 2.2 is devoted to the re-formalisation of the
concentration and re-ranking indices and traces the main steps underlying the de-
composition approach of income by sources, as introduced by [21]; finally, subsec-
tion 2.3 reconsiders the decomposition proposed by [10] by providing the Gini and
concentration coefficients split into a within and a gross-between component. Beside
these extensions, the corresponding statistical and economic interpretation will also
be provided, especially when dealing with data from the Italian household income
distribution study.
2.1 The Gini coefficient adjusted for negative values
Recently, to ensure that the Gini coefficient lies between 0 and 1, [24] introduced a
new normalisation. Following them, the re-formalised Gini coefficient extended to
both weighted incomes and negative values is expressed as
G∗ =
∆Y
2µ∗Y
=
1
2µ∗YN2
H
∑
i=1
H
∑
j=1
|yi− y j|pip j, (1)
where Y is the vector of incomes (included the negative values), H is the total
number of considered income units, pi and p j are weights2 associated with yi and y j,
such that ∑Hi=1 pi = N, and µ∗Y is the new normalisation term.
The new normalisation term µ∗Y in Equation (1) corresponds to µ∗Y = (T
+
Y +
T−Y )/N, with T
+
Y = ∑
H
i=1max(0,yi)pi (i.e., the overall amount of the positive income
values) and T−Y = |∑Hi=1min(0,yi)pi| (i.e., the overall amount of the absolute negative
income values)3.
As stressed by [24], the new considered reference distribution, corresponding to
the polarised situation and hence to the maximum inequality scenario when there are
negative values, is obtained by generalising the conditions required for distributions
without negative y1, . . . ,yH , where one assigns to one unit the total amount of the
attribute, TY = ∑Hi=1 yipi (maintained fixed). To achieve the maximum value of ∆Y in
the case of negative income values, they do keep fixed not only the average, but also
the overall amount of the positive values of the attribute, that is, T+Y , and the amount
of the negative values of the attribute in absolute terms, that is T−Y . Additional basic
considerations regarding the Gini coefficient behavior and role in the decomposition
approach of income by sources, with and without the presence of negative values,
will be further deeply discussed in the following subsection when dealing with the
extension of the other main Gini-based inequality measures used for the study of
income distributions.
2 Note that the weights pi and N may be non-integers.
3 We observe that T+Y +T
−
Y = ∑
H
i=1 |yi|pi.
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2.2 Re-formalising the decomposition approach by income sources for negative
values
To shed light on our proposal based on a new approach to household income decom-
position by sources and mainly to better appreciate the obtained results in terms of
both the Gini and the other basic Gini-based inequality measures, this subsection is
organised into two specific topics. First, an overview of the traditional decomposition
approach framework in the classical scenario (without negative values) is given with
the aim of retracing the underlying steps. Second, the same framework is revisited
with the purpose of extending the household income decomposition approach to the
case of negative income values. This is done to suggest the best practice to follow for
the study of income distributions if the classical condition without negative values is
not achieved. In addition, some crucial issues that arise when considering or avoiding
negative income values in the analysis are relieved and discussed.
2.2.1 The income decomposition approach by income sources in the traditional
scenario (without negative values)
Because one of the main topics illustrated in the content of this subsection addresses
the decomposition approach of income by sources, let us now express the total income
Y , owned by an income unit, as composed of different income sources. For the sake of
simplicity, let us now suppose that the total incomeY is split into two income sources,
which we denote by F (corresponding to a certain income source, such as financial
capital gain as considered in the application reported in Section 3) and by D = (Y −
F), respectively. Here, the income source D represents exactly the remaining income
source, such that Y = F+D. Thus, for the h-th household, the total income is defined
as yh = fh+ dh. To better appreciate the effect related to the proposed adjustments
when negative income values are involved, let us first consider the assumption that
no negative values arise for Y , F , and D. In such a scenario, the Gini coefficient of
the source Z, with Z = {F,D}, trivially becomes
GZ =
∆Z
2µZ
, where ∆Z =
1
N2 ∑
H
i=1∑
H
j=1(zi− z j)pip jIZi− j
2µZ
, (2)
where µZ represents the source Z mean value and IZi− j is the indicator function
such that
IZi− j =
{
1, if zi ≥ z j
−1, if zi < z j.
Analogously, if we align the incomes of source Z according to Y , the concentra-
tion coefficient of Z can be defined as
CZ|Y =
∆Z|Y
2µZ
, where ∆Z|Y =
1
N2
H
∑
i=1
H
∑
j=1
(zi− z j)pip jIZ|Yi− j (3)
and IZ|Yi− j is the indicator function such that
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IZ|Yi− j =

1, if yi > y j
−1, if yi < y j
IZi− j, if yi = y j.
The concentration coefficient in (3) is based on ranking the Z values according
to the values of the total income Y sorted in turn in non-decreasing order. In the lit-
erature, it is also referred to as “pseudo-Gini” because it mimics the Gini coefficient
behavior except for the income source Z re-ordering criterion based on the total in-
come Y ordering. Some references to the concentration coefficient, “pseudo-Gini”,
can be found in [12], [23], and [27], among others. The concentration index CZ|Y
plays a relevant role in the Gini coefficient decomposition approach. The decomposi-
tion of the Gini coefficient by income sources was originally a result of a contribution
by [25] and subsequently developed by [11], [23], [21], and [22]. More precisely, ac-
cording to both [21] and [22], when considering the two sources F and D, the total
income is the results from the weighted sum of the concentration indices of F and D,
respectively; both income sources are ranked with respect to the distribution of total
income Y :
GY =
µF
µY
CF |Y +
µD
µY
CD|Y . (4)
From Equation (4), as µF +µD = µY , it holds that
µF
µY
(CF |Y −GY )+
µD
µY
(CD|Y −GY ) = 0. (5)
As [22] stress, if the difference (CZ|Y −GY ) is negative, the component Z (in such
a case the component F or D) has an inequality-reducing effect. In contrast, [22] write
that, if (CZ|Y −GY ) is positive, the presence of income from source Z makes the total
inequality higher than it would be in the absence income from the source.
If we introduce the Atkinson-Plotnick-Kakwani re-ranking index
RF |Y = GZ−CZ|Y =
1
2µZN2
H
∑
i=1
H
∑
j=1
(zi− z j)pip j(IZi− j− IZ|Yi− j ), (6)
Equation (4) can be re-expressed as
GY = (GF −RF |Y )
µF
µY
+(GD−RD|Y )
µD
µY
. (7)
RZ|Y measures the lack of co-graduation between Z and Y and it lies in the close
range [0,2GZ ], whence it derives that 0≤ RZ|YGZ ≤ 2. By splitting GY into (µF/µY )GY
and (µD/µY )GY , after some manipulations, from (7), one can derive the following
expression4:
GY −GD = µFµD (CF |Y −GY )−RD|Y . (8)
4 This decomposition is also used by [17] to assess the redistribution effects of taxes.
Analyzing the effects of negative and non-negative values on the income inequality 7
An expression in (8) illustrates the overall effect on inequality caused by source
F . From Equation (8), we can note that, even if (CF |Y −GY ) is positive, the overall
effect of source F can be inequality reducing if RD|Y is greater than
µF
µD (CF |Y −GY ),
that is, if in summing F to D, the ranking of D significantly differs from that of the
resulting distribution Y = D+F . If the distribution of F is counter-graduated with
respect to that of D, the highest values in F can compensate for the lowest ones
in D and vice-versa so that a significant positive (CF |Y −GY ) can be overcome by
subtracting the component RD|Y , especially when the coefficient (µF/µD) is small.
Obviously, the exercise of totally removing a source may make sense only when the
source at stake is not a relevant one.
2.2.2 The income decomposition approach by income sources in the negative value
scenario
In the previous subsection, an overview of the traditional household income decom-
position approach by income sources was provided and enriched with several ref-
erences to the different contributions in the literature. All the basic considerations
involved the classical hypothesis of no negative income were checked for any source.
Let us now suppose that the assumption of non-negative values is not fulfilled, mean-
ing that, for instance, the total income Y and/or the income source Z present some
negative values. In this scenario, two different methods of proceeding may be con-
sidered. The first proposal is to erase all negative values. Note that, even though it
appears to be the more common solution to the problem, this method deserves appro-
priate devices, especially for the decomposition approach. GY = ∆Y2µY can be expressed
as ∆Y2µY =
∆F |X
2µY +
∆D|X
2µY and consequently ∆Y = ∆F |X +∆D|X , meaning that
1
N2
H
∑
i=1
H
∑
i=1
(yi− y j)pip jIYi− j
=
1
N2
H
∑
i=1
H
∑
i=1
( fi− f j)pip jIF |Yi− j +
1
N2
H
∑
i=1
H
∑
i=1
(di−d j)pip jID|Yi− j . (9)
Such a relation requires that the same pairs be simultaneously considered in both
the term on the left side and the two terms on the right side of Equation (9). Therefore,
if we delete units with negative F values, the same units must be deleted both from
D and Y . Generally, if the h-th household presents a negative value for one source,
the h-th household should be erased to verify the decompositions in Equations (4),
(7), and (8). An alternative procedure that we suggest when focusing on the house-
hold income decomposition approach by sources is not to delete any negative value
from the analysis, why we resort to crucial adjustments. This allows us to avoid any
drop-out, preserving invariant the Gini and concentration coefficients in the absolute
mean difference formulas. According to [24] presented in subsection 2.1 the normal-
isation terms µF and µD must be replaced by µ∗F = (T
+
F +T
−
F )/N = (∑
H
i=1 | fi|pi)/N
and µ∗D = (T
+
D + T
−
D )/N = (∑
H
i=1 |di|pi)/N. As a consequence, if we think of ∆Y ,
as the sum of ∆F |Y and ∆D|Y , when no compensation happens between the F and D
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distribution, the maximum for ∆Y should be equal to the maximum for ∆F plus the
maximum for ∆D, so µ∗Y = µ∗F +µ∗D. It is worth stressing that, when negative values
are not erased from the analysis, the distribution of Y and, consequently, the associ-
ated ∆Y are invariant regardless of the sources considered. Only µ∗Y depends on the
sources into which Y is split. Conversely, when units presenting negative values for
one or more sources are removed, these units must necessarily also be deleted for Y
so that both µY and ∆Y depend on the sources at stake5.
2.3 The income decomposition approach by area components in the traditional and
negative values scenarios
Beside the decomposition approach by income sources and the related estimation of
the contribution of each component to the total inequality, a further basic decomposi-
tion approach of inequality focuses on the area components, defined as the territorial
macro-areas that are part of a country. Through such decomposition, an exhaustive
picture of the regions that mainly affect the country’s inequality scenario can be pro-
vided. The decomposition approach by area components presented here aims at re-
tracing the same steps underlying the proposal of [10], both for the classical situation
of non-negative income values and for the case where even negative values are in-
volved in the analysis. Let us consider two pairs of macro-regions, a and b. For the
sake of coherence with the terminology used by [10], when territorial areas are taken
into account, the Gini coefficient for income source Z is defined as6
GZ =GaZ
N2aνaZ
(Na+Nb)(NaνaZ+NbνbZ)
+GbZ
N2bν
b
Z
(Na+Nb)(NaνaZ+NbνbZ)
+
NaNb(νaZ+νbZ)
(Na+Nb)(NaνaZ+NbνbZ)
GGBZ , (10)
where GaZ and G
b
Z represent the Gini coefficients of income source Z within the
macro-areas a and b, GGBZ denotes the Gini coefficient gross-between for income
source Z, Na and Nb are such that Na = ∑Hai=1 pi and Nb = ∑
Hb
i=1 pi (with Ha and Hb
being the total number of income units belonging to the macro-areas a and b, respec-
tively), and νaZ and νbZ are the normalisation terms for macro-areas a and b. Note that,
when assuming the classical condition of non-negative income values, νaZ and νbZ ex-
actly correspond to µaZ and µbZ ; when negative values are included, νaZ and νbZ should
be µa∗Z and µb∗Z , respectively.
The gross-between component GGBZ evaluates the inequalities between income
units belonging to different macro-areas, in the same manner as the decomposition
proposed by [25]. It can be computed as
5 The distribution of Y and its average also change when the negative values of a sources are replaced
by zeros.
6 If the total income Y is considered, it would be enough to replace the subscript Z with the subscript Y
in Equation (10).
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GGBZ =
∆GBZ
νaZ+νbZ
with ∆GBZ =
1
NaNb
Ha
∑
i=1
Hb
∑
i=1
(za,i− zb, j)pa,ipb, jIZi− j. (11)
As stated by [20], the expression “gross-between component” singles out GGB
from the traditional between-group measures, which are based only on mean in-
comes7. Analogously, the concentration coefficient CZ|Y can be split both into a
within and a gross-between component. By retracing the same steps for the Gini
of the income source Z decomposition into macro-areas (Equation 10), the concen-
tration coefficient CZ|Y is obtained as follows
CZ|Y =CaZ|Y
N2aνaZ
(Na+Nb)(NaνaZ+NbνbZ)
+CbZ|Y
N2bν
b
Z
(Na+Nb)(NaνaZ+NbνbZ)
+
NaNb(νaZ+νbZ)
(Na+Nb)(NaνaZ+NbνbZ)
CGBZ|Y , (12)
where
CGBZ|Y =
∆GBZ|Y
νaZ+νbZ
with ∆GBZ|Y =
1
NaNb
Ha
∑
i=1
Hb
∑
i=1
(za,i− zb, j)pa,ipb, jIZ|Yi− j . (13)
From Equations (11) and (13), it follows that
RGBZ|Y = G
GB
Z −CGBZ|Y . (14)
Even in this case, if the assumption of non-negative income values is not ful-
filled, in Equations (12) and (13), the normalisation terms denoted by νaZ and νbZ
must be substituted by the normalisation terms µa∗Z and µb∗Z , adjusted for negative
values. Therefore, when the normalisation factor is µ∗Z , the Gini, concentration, and
re-ranking indices will be remarked by the apex “∗”. As a consequence, GY , GZ ,CZ|Y ,
and RZ|Y become G∗Y , G∗Z , C∗Z|Y , and R
∗
Y |Z , respectively.
3 Application to the SHIW data of the Bank of Italy (2012)
The income inequality theoretical approach proposed in the current paper needs to
be addressed through an illustrative application to real data. To provide an interpreta-
tion of results in all case studies involving the analysis of income distributions, even
those characterised by negative values. For this purpose, data collected by the Bank
of Italy’s 2012 Survey of Household Income and Wealth (SHIW) ( [2]) were taken
into account. The SHIW began in the 1960s with the aim of gathering data on the in-
comes and savings of Italian households. The 2012 survey covered 8,151 households
7 As [10] shows, the term ∆GBZ could be further split into the between and transvariation components.
The former depends on the averages of a and b, and the latter (e.g., [15], [8], and [9]) arises from the fact
that the income differences are of opposite signs compared to the difference in their corresponding mean
incomes.
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Table 1 Descriptive statistics for equivalent total net income (Y )
Total net income (Y ) North Centre South and Islands Italy
Number of households 3,512 1,720 2,919 8,151
Sum of weights 8,415.31 3,523.93 6,166.01 18,105.25
Households with negative Y values 0.057% - - 0.025%
Households with zero Y values 0.028% 0.116% 0.171% 0.098%
Households with positive Y values 99.915% 99.884% 99.829% 99.877%
MIN -543.15 0 0 -543.15
MAX 158,019.97 201,517.86 105,077.00 201,517.86
Average 15,832.06 14,833.12 10,075.66 13,677.20
CV 0.6940 0.6626 0.7520 0.7359
Skewness 3.38 2.79 4.15 3.36
Kurtosis 26.60 24.82 40.34 27.80
and 20,022 persons, distributed over about 300 Italian municipalities. To take into
account the lack of homogeneity among household caused by the different numbers
of components, their ages, and the number of income earners per family, the relative
equivalence scale suggested by [17] was applied to the sum of monetary incomes in
household h. The scale is given by the expression
sdi = (adi+0.2ch1,i+0.4ch2,i+0.7ch3,i)0.8+0.1wi, where i= 1,2, ...,H, (15)
where H is the number of families (i.e., 8,151), ad is the number of adults within
the family, ch1 is the number of children age 5 years or under, ch2 is the number of
children between the ages of 6 and 14 years, ch3 is the number of children between
the ages of 15 and 17 years, w is the number of employees or self-employed people
within the families, and 0.8 is the parameter that indicates the economies of scale
attached to the equivalence scale. The equivalent income, yielded by dividing the
total nominal income by the scale in (15), is the equivalent income for one adult
whose income is perceived without any working activity. Each equivalent income is
then associated with a weight that is given by multiplying its scale and the weight
given in SHIW.8
Since our aim is to shed light on the real attitude of our proposed approach in
providing a more coherent interpretation of the actual inequality scenario, we focused
on the total net income Y , defined as the sum of two sources: financial capital gain
F and all other income sources considered together and hence denoted by D = Y −
F . The usefulness of our proposed income inequality decomposition approach by
sources finds grounds in the presence of negative values for total income and the two
composing sources.
Looking at Figures 1, 2 and 3 we can see how the three types of income 9 (i.e.,
the total net income, the financial capital gain, and the remaining income sources) are
distributed differently both for Italy as a whole and for the three macro-areas (North,
Centre, South and islands). Tables 1, 2, and 3 report the main descriptive statistics of
8 In so doing, the weight represents the number of equivalent components in the family (given by the
scale) and the representativeness of the sampled family with respect to the Italian population.
N = ∑Hi=1 pi = 18,105.25 is lower than the total number of persons in SHIW, which is 20,022.
9 The density functions are plotted by the Gaussian smoothing kernel. Incomes are expressed in equiv-
alent terms.
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Fig. 1 Density plot of equivalent total income
Fig. 2 Density plot of equivalent financial gain
the three equivalent income items. The impact of the negative values, with regard to
the three sources, is quite different according to the income at stake. Even if the per-
12 Emanuela Raffinetti† et al.
Table 2 Descriptive statistics for equivalent financial capital gain (F)
Financial capital gain (F) North Centre South and Islands Italy
Number of households 3,512 1,720 2,919 8,151
Sum of weights 8,415.31 3,523.93 6,166.01 18,105.25
Households with negative F values 11.133% 12.849% 7.023% 10.023%
Households with zero F values 11.674% 11.337% 31.483% 18.697%
Households with positive F values 77.192% 75.814% 61.494% 71.280%
MIN -11,033.83 -17,123.16 -7,245.66 -17,123.16
MAX 73,127.16 23,640.83 9,235.74 73,127.16
Average 148.62 -66.91 19.12 62.57
CV 11.2774 15.8256 34.3651 20.7054
Skewness 16.53 0.25 7.12 17.08
Kurtosis 562.30 79.50 108.79 745.97
Fig. 3 Density plot of equivalent remaining income
centages of Italian households with both a total negative income (0.025%) and neg-
ative remaining income sources (0.037%) are indeed insignificant percentages, the
same consideration does not apply to the percentage of households with a negative
financial capital gain (10.023%). Moreover, the percentages are different within the
three areas, especially in the South and islands area. The three areas present different
kurtosis and skewness indices, especially in relation to F (Table 2). If, to compute the
standard Gini-based inequality measures, the procedure of removing all these house-
holds from the dataset is chosen, a non-negligible loss of information occurs. This is
because, as discussed in Section 2, when the analysis, as in this case, concerns sources
and not just overall incomes, the same families must be erased when considering their
overall income. The need to preserve all the data to ensure a non-biased quantification
of the actual income inequality scenario may drive researchers in the economics and
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Table 3 Descriptive statistics for equivalent remaining income sources (D= Y −F)
Remaining income sources (D) North Centre South and Islands Italy
Number of households 3,512 1,720 2,919 8,151
Sum of weights 8,415.31 3,523.93 6,166.01 18,105.25
Households with negative D values 0.085% - - 0.037%
Households with zero D values 0.114% 0.116% 0.206% 0.147%
Households with positive D values 99.801% 99.884% 99.794% 99.816%
MIN -2,271.82 0 0 -2,271.82
MAX 140,260.60 198,363.64 109,010.85 198,363.64
Average 15,683.44 14,900.03 10,056.53 13,614.63
CV 0.6584 0.6507 0.7418 0.7099
Skewness 3.01 2.74 4.31 3.10
Kurtosis 22.02 24.66 44.67 24.68
statistics fields to favor the use of the proposal illustrated in this paper. Commonly,
negative incomes or even low positive incomes present a functional form that is not
symmetric to that of larger positive ones. Thus, they cannot be represented with a lin-
ear functional form. This issue also arises in the distributions of the total income and
the two considered income sources F and D. Indeed, the three income distributions
are asymmetric. Consequently, the study of the relationship between the total income
and the single income sources cannot be correctly assessed by employing symmetric
measures, such as Pearson’s correlation coefficient. The indices proposed in the cur-
rent paper and used for both the income decomposition into income sources and in
terms of macro-areas employ the concentration coefficient, which is an asymmetrical
measure. Indeed, given two variables, it is based on the values of one variable ranked
according to the values of the other variable. Such an asymmetry is an intrinsic con-
dition in regression analysis. Thus, imposing a symmetric correlation on the data may
in some cases affect the sign of the correlation. To avoid misleading results in econo-
metric studies, where the key assumptions can be modified, a symmetric approach
can be taken into account if supported by a sensitivity analysis (e.g., [30] and [31]),
whose role is to allow researchers to show how their findings vary with changes in
specification or functional form (e.g., [1]). An example of sensitivity analysis in the
income distribution field study can be found in [14].
By comparing the re-ranking index (Equation (7)) R∗F |Y with RF |Y and R
∗
D|Y with
RD|Y , the former of each of the two pairs (labeled by “∗”) being calculated without
erasing any observations and the latter considering only non-negative values, the loss
of information caused by the elimination of negative values is evident. Table 4 re-
ports the four indices both at levels and as percentages of the related Gini coefficients
for the whole country, within each of the three macro-regions, and gross-between the
three macro-regions, considered two by two. Let us focus on the percentages, which
do not depend on the normalisation factors but only on the average differences, ∆ ’s.
We can see that the R∗F |Y ’s are never less than two and a half times the correspond-
ing RF |Y (North) and that it is more than four and a half times for the gross-between
when we consider the Centre with the South and islands area. Even if the percentages
calculated for R∗D|Y and RD|Y are much lower, R
∗
D|Y/G
∗
D, when compared to the corre-
sponding RD|Y/GD, is similarly never lower than two and a half times, and it can be
even greater than four (within Centre and gross-between Centre/South and islands).
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Table 4 RF |Y , RD|Y , R∗F |Y , and R
∗
D|Y at levels and as percentages of GF and GD
Whole dataset Non-negative values
R∗F |Y R
∗
D|Y RF |Y RD|Y
Whole country
Italy 0.5540 0.0011 0.1564 0.0003
Within macro-regions
North 0.4395 0.0012 0.1666 0.0005
Centre 0.7319 0.0014 0.2162 0.0003
South and islands 0.6231 0.0006 0.1708 0.0002
Gross-between macro-regions
North/Centre 0.5684 0.0013 0.1847 0.0004
North/South and islands 0.5359 0.0008 0.1189 0.0002
Centre/South and islands 0.8001 0.0010 0.1627 0.0002
(R∗F |Y /G
∗
F )∗100 (R∗D|Y /G∗D)∗100 (RF |Y /GF )∗100 (RD|Y /GD)∗100
Whole country
Italy 61.7 0.31 18.18 0.10
Within macro-regions
North 50.12 0.39 19.99 0.16
Centre 82.58 0.44 26.07 0.10
South and islands 67.98 0.18 19.45 0.05
Gross-between macro-regions
North/Centre 64.07 0.42 21.91 0.13
North/South and islands 58.29 0.22 13.28 0.07
Centre/South and islands 87.31 0.26 18.74 0.06
Hence, an investigation of the related inferential issues is basic to confirm such
differences. Inferential issues are examined here through a simulation study based
on bootstrap resampling techniques. First, 1,000 randomly selected samples for Y ,
D, and F were drawn, with replacement, from the whole dataset (to include negative
values). Second, 1,000 randomly selected samples for Y , D, and F were drawn, with
replacement, from the whole dataset, removing observations presenting negative val-
ues for Y , D, or F . Through the obtained simulation findings, inferential conclusions
about the impact of the income sources, with and without negative values, on the
Gini-based inequality measures are derived. Simulations were carried out within and
between macro-areas, with different distributions for the same income item, to yield
more reliable indications. The bootstrap results for the Gini-based inequality mea-
sures presented in the paper with respect to Italy and the macro-regions are shown
in Table 5, where, in addition to the Gini-based inequality measure bootstrap esti-
mates, the pseudo-t (expressed as the ratio between the bootstrap estimate and its
related standard error) is also reported, within parentheses, for the purpose of val-
idating the reliability of the obtained estimates. Figure 4 summarises the bootstrap
point estimates of the indices reported in Table 5. Typically, if all the income units
are included, the estimates associated with the considered Gini-based measures are
lower than those obtained by erasing units presenting losses, except for the Gini coef-
ficients of the financial capital gain F . Another striking finding is that the distribution
of F , when ranked according toY , yields a concentration coefficient that is lower than
that computed excluding negative values. These two simultaneous effects explain the
reason that the R∗F |Y indices are greater than the RF |Y ones, as we previously observed.
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Table 5 Bootstrap results for random sampling from the non-negative dataset and from the whole dataset
for Italy, within macro-regions, and gross-between macro-regions
Gini-based inequality
measures (non-negative
dataset)
Estimate (pseudo-t)
Gini-based inequality
measures (whole
dataset)
Estimate (pseudo-t)
Italy
GY 0.3572 (72.90) G∗Y 0.3419 (74.33)
GF 0.8601 (128.37) G∗F 0.8979 (80.59)
GD 0.3509 (74.66) G∗D 0.3429 (76.20)
CF |Y 0.7037 (41.15) C∗F |Y 0.3439 (11.06)
CD|Y 0.3505 (74.57) C∗D|Y 0.3418 (75.96)
North
GY 0.3301 (47.16) G∗Y 0.3191 (50.65)
GF 0.8333 (84.17) G∗F 0.8769 (171.94)
GD 0.3221 (45.37) G∗D 0.3165 (48.69)
CF |Y 0.6667 (30.87) C∗F |Y 0.4374 (13.17)
CD|Y 0.3216 (45.30) C∗D|Y 0.3152 (47.76)
Centre
GY 0.3393 (28.28) G∗Y 0.3174 (30.52)
GF 0.8292 (78.97) G∗F 0.8863 (138.48)
GD 0.3357 (29.45) G∗D 0.3233 (32.33)
CF |Y 0.6130 (18.69) C∗F |Y 0.1544 (2.39)
CD|Y 0.3354 (26.62) C∗D|Y 0.3219 (28.24)
South and islands
GY 0.3461 (40.24) G∗Y 0.3405 (37.83)
GF 0.8779 (34.84) G∗F 0.9167 (100.74)
GD 0.3424 (29.45) G∗D 0.3420 (38.00)
CF |Y 0.7071 (10.96) C∗F |Y 0.2936 (2.94)
CD|Y 0.3422 (40.74) C∗D|Y 0.3413 (36.70)
North/Centre
GY 0.3361 (46.04) G∗Y 0.3191 (52.31)
GF 0.8430 (105.38) G∗F 0.8871 (216.37)
GD 0.3301 (47.16) G∗D 0.3205 (53.42)
CF |Y 0.6582 (32.58) C∗F |Y 0.3187 (8.54)
CD|Y 0.3297 (48.49) C∗D|Y 0.3191 (53.18)
North/South and islands
GY 0.3887 (61.70) G∗Y 0.3722 (65.30)
GF 0.8954 (144.42) G∗F 0.9194 (270.41)
GD 0.3814 (60.54) G∗D 0.3728 (62.13)
CF |Y 0.7765 (44.63) C∗F |Y 0.3835 (10.71)
CD|Y 0.3811 (59.55) C∗D|Y 0.3719 (61.98)
Centre/South and islands
GY 0.3788 (49.84) G∗Y 0.3616 (51.66)
GF 0.8684 (87.72) G∗F 0.9164 (213.12)
GD 0.3748 (51.34) G∗D 0.3682 (53.36)
CF |Y 0.7057 (24.43) C∗F |Y 0.1163 (1.81)
CD|Y 0.3746 (50.62) C∗D|Y 0.3673 (51.73)
As shown in Table 5, all the Gini-based inequality measures present great pseudo-
t, except for the concentration coefficient C∗F |Y referring to the macro-region Cen-
tre/South and island, where the pseudo-t value is 1.81; these results provide evidence
on the reliability of the estimates.
To better highlight the differences in value between the Gini-based inequality
measures computed on the whole dataset and on the dataset without negative values,
the bootstrap sampling technique was extended to the quantities G∗Y −GY , G∗F −GF ,
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Fig. 4 Bootstrap results for random sampling from the non-negative dataset and the whole dataset reported
in Table 5 for Italy, within macro-regions, and gross-between macro-regions
G∗D−GD, C∗F |X −CF |X , and C∗D|X −CD|X . Through this analysis, we want to stress
that the traditional methodology, based on erasing units with negative values, may
yield estimates that are significantly different from those obtained by preserving all
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the data. This conclusion is validated by most of the results expressed in Tables 6 and
7 and depicted in Figures 5, 6, 7, 8, and 9.
Table 6 Differences in value between the Gini indices computed on the whole dataset and the non-negative
dataset
G∗Y−GY Pseudo-t G∗F−GF Pseudo-t G∗D−GD Pseudo-t
Whole country
Italy -0.0153 -7.58 0.0378 9.00 -0.0080 -4.04
Within macro-regions
North -0.0109 -4.35 0.0437 8.31 -0.0056 -2.23
Centre -0.0218 -5.12 0.0571 6.38 -0.0124 -3.16
South and islands -0.0056 -1.13 0.0388 2.39 -0.0004 -0.08
Gross-between macro-regions
North/Centre -0.0170 -6.73 0.0441 8.28 -0.0097 -4.14
North/South and islands -0.0165 -6.20 0.0240 6.71 -0.0086 -3.15
Centre/South and islands -0.0172 -5.55 0.0480 6.55 -0.0066 -1.89
Table 7 Differences in value between the concentration indices computed on the whole dataset and the
non-negative dataset
C∗F|Y−CF|Y Pseudo-t C∗D|Y−CD|Y Pseudo-t
Whole country
Italy -0.3598 -13.74 -0.0087 -4.28
Within macro-regions
North -0.2292 -8.69 -0.0064 -2.54
Centre -0.4586 -6.54 -0.0135 -3.54
South and islands -0.4135 -7.32 -0.0009 -0.17
Gross-between macro-regions
North/Centre -0.3395 -9.20 -0.0106 -4.41
North/South and islands -0.3930 -12.74 -0.0092 -3.42
Centre/South and islands -0.5894 -10.07 -0.0073 -2.18
The differences G∗Y −GY , G∗F −GF , and G∗D−GD are reported in Table 6, while
C∗F |Y −CF |Y and C∗F |D−CD|Y are displayed in Table 7. Along with these differences,
the tables report the associated bootstrap pseudo-t values. For C∗F |Y −CF |Y and G∗F −
GF , we observe that, in the former case, the pseudo-t varies from -6.54 to -13.74; in
the latter it varies from 2.39 to 9.00. These findings are reflected in what arises from
Figures 6 and 8, where the corresponding 95% bootstrap confidence intervals (CI)
are plotted for G∗F −GF and C∗F |Y −CF |Y , respectively. More precisely, in Figure 6,
all the CI ranges are positive, whilst, in Figure 8, they are all negative. This means
that we must reject both the hypothesis that G∗F =GF and thatC∗F |Y =CF |Y , at the 5%
significance level in all the considered cases, as noCI encompasses the value of zero.
For G∗Y −GY , all the CIs, except the one associated with the South and islands
macro-region, include only negative values. By looking at Table 6, we can see that
this macro-region presents a pseudo-t that is relatively low (in absolute terms), be-
ing equal to -1.13, whilst, in the remaining six cases, it ranges from -4.35 to -7.58.
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The South and islands macro-region presents CI plots that include both positive and
negative values even for G∗D−GD and C∗D|Y −CD|Y (Figures 7 and 9), which is some-
what confirmed by the corresponding pseudo-t values, which are -0.08 (Table 6) and
-0.17 (Tables 7), respectively. Borderline cases are represented by the gross-between
G∗D−GD and C∗D|Y −CD|Y in the relation between the Centre and the South and is-
lands. In the former case, the CI includes a small segment of positive values (the
pseudo-t is -1.89), and here, we cannot reject the hypothesis G∗D = GD; in the latter,
its higher limit is a bit lower than zero (the pseudo-t is -2.18), so we reject the condi-
tion C∗D|Y =CD|Y at the 5% significance level. In the remaining five cases, the CIs lie
entirely under the zero line, and consequently, we can reject the hypothesis that it is
neutral to include or erase units with negative values in at least one source.
Fig. 5 Confidence intervals for the G∗Y −GY bootstrap estimate reported in Table 6
Fig. 6 Confidence intervals for the G∗F −GF bootstrap estimate reported in Table 6
The presence of non-significant pseudo-t tests and overlapping confidence inter-
vals in some macro-areas, both for the total net income Y and the income source D,
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Fig. 7 Confidence intervals for the G∗D−GD bootstrap estimate reported in Table 6
Fig. 8 Confidence intervals for the C∗F |Y −CF |Y bootstrap estimate reported in Table 7
Fig. 9 Confidence intervals for the C∗D|Y −CD|Y bootstrap estimate reported in Table 7
is caused by the very narrow percentage of negative values. Non-significant results
never occur for the income source F , which actually covers over 10% of the nega-
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Table 8 Bootstrap results for GY −GD and G∗Y −G∗D - Italy, within macro-regions and gross-between
macro-regions
Gini-based
inequality measures
(non-negative
dataset)
Estimate
Gini-based
inequality
measures (whole
dataset)
Estimate
Italy
GY −GD 0.0063 G∗Y −G∗D -0.0010
North
GY −GD 0.0079 G∗Y −G∗D 0.0027
Centre
GY −GD 0.0036 G∗Y −G∗D -0.0059
South and islands
GY −GD 0.0037 G∗Y −G∗D -0.0014
North/Centre
GY −GD 0.0060 G∗Y −G∗D -0.0014
North/South and islands
GY −GD 0.0074 G∗Y −G∗D -0.0005
Centre/South and islands
GY −GD 0.0040 G∗Y −G∗D -0.0067
tive values for Italy as a whole. Therefore, we believe that a further investigation of
the impact of the income source F on income inequality may be interesting, espe-
cially when comparing the performance of two different approaches in dealing with
the presence of negative values. To determine the overall contribution provided by
income source F on income inequality, a bootstrap simulation study was carried out
on both the difference between the Gini coefficient of the total net income Y and
the Gini coefficient of the income source D, when resampling from the non-negative
dataset (i.e., GY −GD), and on the difference between the same Gini coefficients
when resampling from the whole dataset (i.e., G∗Y −G∗D). The obtained estimates are
displayed in Table 8, while in Figure 10, the plots of the corresponding confidence
intervals are shown.
The estimates in Table 8 indicate that the difference G∗Y −G∗D is always smaller in
value than the difference GY −GD, leading to the conclusion that the original income
source F as it is (that is, including the negative values) plays a non-negligible role
in determining the inequality income scenario. The need to preserve all the data to
ensure that an unbiased estimation of the existing inequality situation also arises from
the analysis of the GY −GD and G∗Y −G∗D confidence intervals in Figure 10. In fact,
all the confidence intervals do not overlap10, except for the macro-area South and
islands, proving that the approach illustrated in this paper is the more appropriate
practice for the study of income inequality in the presence of negative values11.
10 If the confidence intervals do not overlap, the null hypothesis that the two differences are equal is a
fortiori rejected according to the test size of the complement at one of the confidence levels.
11 We stress that preliminary analyses on the ∆ ’s of the considered indices allow us to further reject
the equality hypothesis of the differences for the ratio and in most cases for the simple differences. These
results are available on request.
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Fig. 10 Confidence intervals for the GY −GD and G∗Y −G∗D bootstrap estimate reported in Table 8
4 Conclusions
In the current paper, the main features of the primary inequality measures, such as
the Gini, concentration, and re-ranking coefficients, and the income decomposition
approach, adjusted for income distributions that include even negative values, are
discussed. The problem that arises when dealing with negative income values is as-
sociated with the violation of the normalisation principle. For this reason, in most of
applied research in the economic and statistical fields, the more common procedure
involves removing all negative values from the analysis. However, this method yields
a relevant loss of information that may heavily affect the actual income inequality
scenario. Thus, a more suitable methodology is needed. Based on a recent contribu-
tion for the Gini normalisation term, we propose an extension of this normalisation
to all the Gini-based inequality measures characterising the income decomposition
approach, in terms of both income sources and area components, with the aim of
obtaining an unbiased description of the inequality situation. In addition to the new
formalisation of the income decomposition approach from the theoretical point of
view, an application on empirical data based on the Survey of Household Income and
Wealth (SHIW) conducted by the Bank of Italy (2012) is illustrated. Specifically, we
first considered and decomposed by source the total net income distribution. The to-
tal net income is given as the sum of two sources: the financial capital gain and the
remaining income sources, expressed as the difference between the total net income
and the financial capital gain. Second, we analysed the effects of income sources
on the overall inequality within and gross-between the three main Italian geograph-
ical areas (North Italy, Central Italy and South Italy and Islands). The investigations
extended to the within and between macro-region components help to fully assess
the significance of differences arising in the results yielded by removing part of the
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data information and those yielded by using the whole data information. Tests were
conducted through simulation studies based on bootstrap resampling techniques and
carried out both by considering Italy as a whole, and within and between the three
Italian macro-areas. The differences in the distribution of the selected income items
with regard to the three macro-areas allow us to improve the reliability of simula-
tions. Inferential findings highlight how the two considered approaches (removing
and preserving the negative incomes) lead to different results in terms of inequality
estimation, proving that the proposed approach is the more appropriate practice to
follow to avoid the loss of data that really provide a coherent picture of the inequality
condition.
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